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ON GLOBAL HIPOELLIPTICITY OF VECTOR FIELDS
Jo^-ge HoLLn>ie, §0. The purpose of this paper is to present a classification of smooth, globally hipoelliptic complex vector fields on orientable compact surfaces. It has been known for some time that the existence of some globally hypoelliptic but (locally) non-hypoelliptic differential first-order operators imposes restrictions on the topology of -the manifold where the operator is defined. Complete proofs of results presented here will appear in [ 5 ] . §1. Let M be a compact connected, orientable, two-dimensional The principal symbol t of L is defined on the cotangent bundle T* (M ) by the identity SLW} = L((J)), u c C'CM^R) We recall that a bicharacteristic of a real function f de fined on T* (M) is an integral curve of the Hamilton field H,-.
Since H,-f = 0, f is constant along its bicharacteristics; when the constant is zero the bicharacteristic is said to be null.
We shall assume that We recall that an irrational number -y is a non-Liouville number if there exists a positive constant k such that k I y --n -! > |m|" for all integers n,m. For instance, all algebraic irrational numbers are non-Liouville.
Theorem B. Assume that L verifies (1.1) and (P). The following statements are equivalent: i) L is a globally hypoelliptic vector field of type II
ii) G acts transitively
is the only L-minimal set and XAY€A T(M ) is not identically zero. complex vector field^ it must be homeomorphic to a torus T . §2. One of the tools used in the proof of theorem B above is a geometric characterization of property (P) that enhances its two-dimensional character (this two-dimensional behavior is exploited for instance, in the study of uniqueness in the Cauchy problem in [ 9 ] ) . It seems interesting enough on its own right to state it separately. A local version of a theorem equivalent to Theorem C below was known in the case of a vector field L with analytic coefficients C[ll], ch. 1). Its proof relied on a theorem of Nagano [7] on the integrability of the distribution associated to the Lie algebra generated by X= ReL and Y= ImL.
Furthermore^ if the equivalent conditions i ) , i i ) and i i i )
When X and Y are just smooth, this distribution is not integrable, in general. In Theorem C no assumptions are made concerning the existence of foliations. The basic idea is to replace distribu lions which may not be integrable by the orbits of L. Then we observe that if L satisfies (P), the orbits have dimension one or two and the two-dimensional orbits £ are orientable. Hence, ii) The orbits of L are orientable, of dimension less than or equal to 2 and XAY does not change sign on the two-dimensional orbits.
